We present observable upper bounds of squared concurrence, which are the dual inequalities of the observable lower bounds introduced in [F. Mintert and A. Buchleitner, Phys. Rev. Lett. 98, 140505 (2007)] and [L. Aolita, A. Buchleitner and F. Mintert, Phys. Rev. A 78, 022308 (2008)]. These bounds can be used to estimate entanglement for arbitrary experimental unknown finite-dimensional states by few experimental measurements on a twofold copy ρ ⊗ ρ of the mixed states. Furthermore, the degree of mixing for a mixed state and some properties of the linear entropy also have certain relations with its upper and lower bounds of squared concurrence.
I. INTRODUCTION
Entanglement is not only one of the most fascinating features of quantum theory that has puzzled generations of physicists, but also an essential resource in quantum information [1, 2, 3, 4] . Thus, the detection [5, 6, 7, 8, 9] and quantification [10, 11, 12, 13, 14, 15, 16, 17, 18] of entanglement became fundamental problems in quantum information science. A number of measures have been proposed to quantify entanglement, such as concurrence [11, 12] , negativity [16] and tangle [17] .
Recently, much interest has been focused on the experimental quantification of entanglement [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . On the one hand, original methods of experimentally detecting entanglement are entanglement witnesses (EWs) [31] which, however, require some a priori knowledge on the state to be detected. On the other hand, quantum state tomography needs rapidly growing experimental resources as the dimensionality of the system increases. To overcome shortcoming of EWs and the tomography, Mintert et al. proposed a method to directly measure entanglement on a twofold copy |ψ ⊗|ψ of pure states [19] . With this method, Refs. [28, 29] and [30] reported experimental determination of concurrence for two-qubit and 4 × 4-dimensional pure states, respectively. Moreover, Mintert et al. also presented observable lower bounds of squared concurrence for arbitrary bipartite mixed states [20] and multipartite mixed states [21] . For experimental unknown states, observable upper bounds of concurrence can also provide an estimation of entanglement. Obviously, measuring upper and lower bounds in experiments can present an exact region which must contain the squared concurrence of experimental quantum states.
The convex roof construction for mixed state concurrence indicates that any direct decomposition of the state ρ into pure states will yield an upper bound of the entanglement of ρ. However, for arbitrary experimental unknown mixed states, the observable upper bound is non-trivial since it also provides an estimation of entanglement as well as the lower bound in experiments.
In this paper, we present observable upper bounds of squared concurrence which, together with the observable lower bounds introduced by Mintert et al. [20, 21] , can estimate entanglement for arbitrary experimental unknown states. These bounds can be easily obtained by few experimental measurements on a twofold copy ρ ⊗ ρ of the mixed states. Actually, the upper bounds are the dual one of the lower bounds in Refs. [20, 21] . Furthermore, the degree of mixing for a mixed state and some properties of the linear entropy also have certain relations with its upper and lower bounds of squared concurrence.
The paper is organized as follows. In Sec. II we propose an observable upper bound of squared concurrence for bipartite states and multipartite states. The relations with properties of the linear entropy is shown in Sec. III. In Sec. IV we discuss a tighter upper bound of squared concurrence for two-qubit states, and give a brief conclusion of our results.
II. OBSERVABLE UPPER BOUND FOR ARBITRARY MIXED STATES
Bipartite mixed states. The I concurrence of a bipartite pure state is defined as [12, 19] 
where the reduced density matrix ρ A is obtained by tracing over the subsystem B and A = 4P
(1)
+ ) is the projector on the antisymmetric subspace H i ∧ H i (symmetric subspace H i ⊙ H i ) of the two copies of the ith subsystem H i ⊗ H i , which has been defined as follows [19] (2) where {|α j } is an arbitrary complete set of orthogonal bases of H i . The definition of I concurrence can be extended to mixed states ρ by the convex roof, C(ρ) = inf {pi,|ψi } i p i C(|ψ i ), ρ = i p i |ψ i ψ i |, for all possible decomposition into pure states, where p i ≥ 0 and i p i = 1. Ref. [20] introduced lower bounds of squared concurrence for arbitrary finite-dimensional bipartite states,
with V 1 = 4(P (1)
− and V 2 = 4P
+ ). We conjecture its dual inequality as follows
with
− ). The proof of this inequality is shown in the following.
where
The first inequality holds by applying the Cauchy-Schwarz inequality [32] , the second one, which has also been proved in Ref. [8] , holds due to the convex property of Trρ 2 A , and the last equality can be proved directly using the definition of P (i) ∓ . Similarly, one can also obtain the inequality [C(ρ)] 2 ≤ Tr(ρ⊗ ρK 2 ). Similar to the lower bounds, inequality (4) implies some interesting consequences:
(1) The upper bounds can be expressed in terms of the purities of ρ A and ρ B , i.e.,
which coincide with Eq. (1) for pure state concurrence. Notice that Ref. [20] has introduced similar equations for lower bounds V 1 and V 2 ,
(2) The upper bounds can be directly measured, since it is given in terms of expectation values of P − . It is a little different from the experimental measurement of pure state concurrence 4P
+ . For pure state |ψ , ψ|⊗ ψ|4P
− |ψ ⊗ |ψ . Actually, Refs. [28, 29] and [30] measured their concurrence via 4P
− . In this sense, they obtained an upper bound rather than concurrence itself.
(3) Interestingly, it is worth noting that
i.e., the degree of mixing can be easily calculated out based on the upper and lower bounds. Let us simulate the observable upper bound on mixed random states of 3 × 3-dimensional systems. Mixed random states with different degrees of mixing were obtained via the generalized depolarizing channel [33] , as Ref. [21] did. The observable upper bound versus lower bound is shown in Fig. 1 . Interestingly, the upper bounds in Fig.  1 are always in parallel with the lower bounds, which actually coincides with Eq. (7). For weakly mixed states, the bounds provide an excellent estimation of concurrence; for strongly mixed states, they also provide a region for concurrence.
Multipartite mixed states. The generalized concurrence for multipartite pure state is not unique. For instance, Ref. [19] introduced several inequivalent alternatives. In this section, we choose the multipartite concurrence introduced in [22, 34] :
where i labels all (2 N − 2) different reduced density matrices. The definition can also be expressed as C N (Ψ) = Ψ| ⊗ Ψ|A|Ψ ⊗ |Ψ with A = 4(P + −P
is the projector onto the globally symmetric (antisymmetric) space [22] . For mixed states, it is also given by the convex roof, C N (ρ) = inf {pi,|Ψi } i p i C N (Ψ i ), for all possible decomposition into pure states, where p i ≥ 0 and i p i = 1. Ref. [21] introduced lower bounds of squared concurrence for arbitrary multipartite states,
with V = 4(P + − P
with K = 4(P + − P
. The proof of this inequality is shown in the following.
where k is taken over all the bipartite concurrence c k corresponding to each subdivision of the entire system into two subsystems [21] , k denotes one subsystem and k denotes the other one. We have used that k P (11) i.e., the degree of mixing can be easily calculated out based on the upper and lower bounds. We also simulate the observable upper bound on mixed random states of 2×2×2-dimensional systems with different degrees of mixing obtained via the generalized depolarizing channel [33] . The observable upper bound versus lower bound is shown in Fig. 2 . The upper bounds in Fig. 2 are always in parallel with the lower bounds as well, which actually coincides with Eq. (11). For weakly mixed states, the bounds provide an excellent estimation of concurrence; for strongly mixed states, they also provide a region for concurrence. 
III. RELATIONS WITH PROPERTIES OF THE LINEAR ENTROPY
Interestingly, the upper and lower bounds of squared concurrence have certain relations with some properties of the linear entropy, such as the triangle inequality. The linear entropy is defined as follows [35] 
It can be regarded as a kind of linearized von Neumann entropy S(ρ) = −Tr(ρ log 2 ρ), and has several same properties as S(ρ). In the following, we will give simple proofs of the triangle inequality and subadditivity of the linear entropy. The triangle inequality can be proved directly using the upper and lower bounds. Notice that the following inequalities hold for arbitrary bipartite states:
Since Eqs. (5) and (6) hold, we can obtain some new inequalities,
Obviously, inequalities (15) can be directly calculated out from inequalities (14) , and they are actually triangle inequalities of the linear entropy,
Before embark on proving the subadditivity of the linear entropy, let us review the universal state inverter ρ introduced in Ref. [32] ,
The universal state inverter ρ is a semi-positive definite operator, since each term in the sum σ y ⊗ σ y (Q α ρQ α ) * σ y ⊗ σ y is semi-positive definite. Therefore, √ ρ ρ √ ρ has the semi-positive definite property as well, and we can obtain the following inequality,
where we have used Tr 
holds [36] . In fact, it is not the first time to prove the subadditivity of the linear entropy. For instance, Ref. [37] has proved the subadditivity of the linear entropy. Furthermore, the triangle inequality of the linear entropy can be proved from the subadditivity [38] . Compared with this earlier proof, roughly speaking, our proof is a little simpler. The main purpose of this section is that these properties of the linear entropy are the natural results from the positive semidefiniteness of the universal state inverter and the upper and lower bounds, and they also indicate the validity of these bounds.
IV. DISCUSSIONS AND CONCLUSIONS
Actually, for two-qubit states, Tr(ρ ⊗ ρ · 4P
is a tighter upper bound of squared concurrence than Tr(ρ ⊗ ρK). Because the equation
holds for arbitrary two-qubit states, where ρ = σ y ⊗ σ y ρ * σ y ⊗ σ y . Eq. (19) has also been proved in [39] . Furthermore, notice that C = max{λ 1 − λ 2 − λ 3 − λ 4 , 0}, where λ 1 , λ 2 , λ 3 , λ 4 are squared roots of eigenvalues of ρ ρ in the decreasing order. Therefore, it is easily concluded that Tr(ρ ⊗ ρ · 4P
However, the new upper bound Tr(ρ ⊗ ρ · 4P
− ) is hard to generalize to arbitrary finite-dimensional bipartite states.
We give a brief discussion on the experimental measurement of our upper bound. As only the projector P − on one of the subsystems, rather than a complete set of observables, is required, our upper bound could be easily measured. In particular, for two-dimensional systems, P − is simply the projector onto the singlet state |Ψ − = (|01 − |10 )/ √ 2. Let us take the photonic system for example. The simplest way to project two photons onto the singlet state is using a Hong-Ou-Mandel interferometer [40] . This method has been widely used since the teleportation [41] experiment. Another method, employed in [28, 29] , is distinguishing the Bell states with a controlled-NOT gate, which can transform the Bell states to separable states [42] .
In conclusion, we present observable upper bounds of squared concurrence, which are the dual bound of the observable lower bounds introduced by Mintert et al.. These bounds can estimate entanglement for arbitrary finite-dimensional experimental unknown states by few experimental measurements on a twofold copy ρ ⊗ ρ of the mixed states. Furthermore, the degree of mixing for a mixed state and some properties of the linear entropy also have certain relations with its upper and lower bounds of squared concurrence. Last but not least, we discuss a tighter upper bound for two-qubit states only, and it remains an open question to generalize it to arbitrary finite-dimensional bipartite systems.
